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Generation of quasi-particle–hole pairs in gapped graphene monolayers in the combined field of two
counterpropagating light waves is studied. The process represents an analogue of electron-positron
pair production from the QED vacuum by the Breit-Wheeler effect. We show, however, that the
two-dimensional structure of graphene causes some striking differences between both scenarios. In
particular, contrary to the QED case, it allows for non-zero pair production rates at the energy
threshold when the Breit-Wheeler reaction proceeds nonlinearly with absorption of three photons.
Introduction.—When atoms or molecules interact with
strong laser fields, nonlinear processes relying on the ab-
sorption of multiple photons can occur due to the very
high photon densities in the field. A variety of strong-
field phenomena was discovered, ranging from multipho-
ton ionization to high-harmonic generation [1], which
have paved the way towards new research areas [2].
In recent years there is a growing interest in interac-
tions of intense laser fields with condensed matter sys-
tems [3]. While some of the basic strong-field concepts
established in atomic physics can be applied to solids
as well [4, 5], their more complex electronic structure
renders laser-solid interactions generally more involved.
In particular, condensed-matter systems can be distin-
guished by the geometric arrangement of atoms, the sym-
metry and topology of the band structure, and the behav-
ior of electrons therein. The question thus arises which
signatures may emerge in intense laser-solid interactions
from the characteristic properties of the system. For ex-
ample, distinct topological effects from edge states in lin-
ear chains have recently been predicted for the strong-
field process of high-harmonic generation in solids [6].
A solid-state system of special relevance for strong-field
studies is graphene [7] because it can withstand high laser
intensities. It is distinguished by its two-dimensional
geometry, forming a monolayer of carbon atoms, and
its peculiar electronic properties. In a vicinity of the
Fermi surface, the electrons exhibit a dispersion relation
like Dirac fermions, with the speed of light c replaced
by the Fermi velocity vF ≈ c/300. Recent experiments
have demonstrated coherent control of electron dynam-
ics in graphene by driving Landau-Zener transitions with
phase-stabilized short laser pulses [8], including the pas-
sage from the weak-field to the strong-field regime [9].
Field-driven acceleration of Dirac fermions, which also
exist in topological insulators [10], has been observed by
combined irradiation of bismuth-telluride surfaces with
intense terahertz and short ultraviolet pulses [11].
Graphene moreover serves as test ground for strong-
field processes from the realm of quantum electrodynam-
ics (QED). Fundamental phenomena, such as Klein tun-
neling [12], Casimir force [13] or Coulomb supercriticality
[14], find their low-energy counterpart in graphene. The-
oreticians have also discovered graphene as a means to
study the Schwinger effect, i.e. the spontaneous produc-
tion of electron-positron pairs in a constant electric field
E0 [15–22]. The similarity with QED is particularly close
in bandgap graphene where the quasiparticles acquire a
nonzero mass [23]. The Schwinger rate has the charac-
teristic form RS ∼ Eν0 exp(−piEc/E0) with the critical
field strength Ec associated with the particle mass. The
different geometry of the underlying vacuum state only
exerts a minor impact here by changing the power of the
pre-exponential factor from ν = 2 in QED to ν = 3/2 in
graphene [15, 21].
In this Letter, we study another strong-field process
in graphene which has its counterpart in QED. When a
graphene sheet is exposed to the electromagnetic field of
two counterpropagating light waves, quasi-particle–hole
pairs can be generated by photon absorption (see Fig. 1).
This process represents the analog of (non)linear Breit-
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FIG. 1: Scheme of Breit-Wheeler-type production of massive
Dirac pairs in a gapped graphene monolayer. The enlarged
section illustrates graphene’s honeycomb lattice composed of
two sublattices A and B. The reciprocal lattice in momen-
tum space is hexagonal, as well, with inequivalent K and K′
points in the corners [7]. A representative Feynman diagram
is shown which contributes to the three-photon reaction.
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2Wheeler [(N)LBW] pair production from the QED vac-
uum [24–27]. It may be written symbolically as
nk + k′ → p− + p+ , (1)
where n denotes the number of photons with wave vec-
tor k from a strong laser field and k′ is the wave vector
of a weak counterpropagating wave, whereas p± stand
for the momenta of created electron and hole, respec-
tively. The NLBW process of QED was observed in an
intermediate coupling regime (n ∼ 5) in collisions of a
highly relativistic electron beam with an intense optical
laser pulse [27]. The original (i.e. linear) Breit-Wheeler
process with n = 1 [24], however, has not been mea-
sured yet. Corresponding theoretical proposals to facili-
tate its detection have been made in recent years which
rely on various kinds of gamma-ray sources in the MeV-
GeV energy range [28–31]. Here we provide a theoretical
description of the (N)LBW process in gapped graphene
monolayers and show that, in principle, they can offer a
low-energy alternative, similarly to the Schwinger effect
[15–22]. However, our analysis also reveals pronounced
qualitative differences with the QED case, which emerge
from the two-dimensional structure of graphene.
Planck’s constant and the vacuum permittivity are set
to unity, ~ = 0 = 1, to simplify notation. The speed of
light in vacuum is denoted by c and the electron charge
and mass by e and me, respectively.
Theoretical considerations.—An effective field theoret-
ical framework – that suitably incorporates the electron-
hole symmetry predicted within the nearest-neighbours
tight-binding model [32] – is adopted. It relies on a La-
grangian density in which the interplay between mas-
sive Dirac quasiparticles and an electromagnetic poten-
tial Aµ(x) [A0(x) = 0], with µ = 0, 1, 2 and x = (ct, x, y)
occurs via a minimal coupling [33, 34]:
L =
∑
σ=±1
Ψ¯σ
[
iγ˜0∂t + vF γ˜
j
(
i∂j − e
c
Aj
)
−∆
]
Ψσ. (2)
Here, Ψ¯σ = Ψ
†
σγ˜
0, ΨTσ = (ψ
T
σK , ψ
T
σK ′) is a 4-component
spinor consisting of two 2-component irreducible pieces
corresponding to the K and K ′ points of the Fermi
surface. The spinors ψTσK = (ψσKA, ψσKB), ψ
T
σK ′ =
(ψσK ′B , ψσK ′A) combine Bloch states associated with the
two different sublattices in graphene linked to atoms A
and B, whereas the electron spin is included via an addi-
tional particle flavour σ. The gamma matrices γ˜µ form
a reducible 4 × 4 representation, satisfying {γ˜µ, γ˜ν} =
2gµν14×4 with the metric tensor gµν = diag(1,−1,−1).
Explicitly, we take γ˜µ = τ ⊗ (γ1, γ2, γ3) with τ = σ3,
γµ = (σ3, iσ2,−iσ1), and the Pauli matrices σ`, ` =
1, 2, 3. The matrices τ and γµ act in the spaces of K ,
K ′ points and A, B sublattices, respectively. Moreover,
in Eq. (2) a sum over the repeated index j ∈ {1, 2} is
implied and we introduce a half bandgap ∆ = mgv
2
F ,
which leads to a relativistic-like dispersion relation for
quasiparticles εp =
√
v2Fp
2 + ∆2 relative to the Fermi-
level [22]. Likewise, the momentum p = (px, py) has to
be understood relative to theK andK ′ points, satisfying
the condition |p|  pmax ≈ |K |, |K ′| ≈ 3 eV/vF .
In the following, the external field Aµ(x) = aµ(x) +
a′µ(x) is composed of two counterpropagating electro-
magnetic plane waves aµ(x) = a0µcos(kx) and a′µ(x) =
a ′0′µcos(k′x), with wave vectors kµ = (ω/c,k), k′µ =
(ω′/c,k ′) satisfying the transversality relations k ·  =
k ′ · ′ = 0. The amplitudes are supposed to fulfill the
condition ηg  η′g, in terms of the graphene-modified
intensity parameters η
(′)
g = |e|a(′)0 /(mgvF c). We will re-
strict ourselves to the situation in which both the propa-
gation and polarization directions of the electromagnetic
waves lie in the plane of graphene (see Fig. 1) [35].
Being interested in the intensity regime where
ηg, η
′
g  1, we calculate the probability for (N)LBW
pair production in graphene (1) by applying perturba-
tion theory in both fields. Observe that, as ηg  η′g, the
effect of the strong plane wave can be investigated via
coherent states, which is equivalent to considering the
corresponding field as a classical background [36]. Hence,
the corresponding scattering operator reads
S = Tˆ exp
[
ie
vF
c
∑
σ=±1
∫
dtd2x ψ¯σK γ ·(a + a′)ψσK
+ ψ¯σK ′ γ ·(a + a′)ψσK ′
] (3)
with ψ¯σK,K ′ = ψ
†
σK,K ′γ
0. Here, the field a′µ(x) is quan-
tized and Tˆ refers, as usual, to the time-ordering oper-
ator. The quantization of the Dirac-like fields ψσK and
ψσK ′ requires to introduce equal-time anticommutation
relations, which preserve the corresponding spin and val-
ley quantum numbers. Accordingly, we can restrict our-
selves to S-matrix elements generated by the first term
in (3) and, at the end, multiply the outcome by the spin-
valley degeneracy Nf = 4.
We remark that the treatment used here differs from
the traditional path of analysing the NLBW process in
QED, where the Furry picture, based on exact solutions
of the Dirac equation in the presence of a single plane-
wave laser field (Volkov states), is applied [25, 26]. The
corresponding Dirac-like equation in graphene, however,
is not solved by Volkov states [37] due to the asymmetry
introduced by the Fermi velocity vF .
Next, we proceed to determine the S-matrix element
describing the creation of a quasi-particle with energy-
momentum (εp− , p−) and its antiparticle with (εp+ , p+)
by the collision of two photons kµ and k′µ. In graphene
this amplitude reads
〈p+p−|S1|k ′〉 = −(2pi)3N+N− e
2a0a ′0v2F
4c2
M1
× δ(εp++εp−− ω − ω′)δ(2)(p++p−− k − k ′).
(4)
3Here, the δ-functions encode energy-momentum conser-
vation and N± = [∆/(εp±A)]
1/2 are the normalization
constants of the quantized Dirac-like field with A refer-
ring to the normalization area. Besides, the subscript 1
in the scattering operator and the spinor-matrix product
M1 refers to the number of photons absorbed from the
classical source. The latter is given by
M1 = u¯p−
[
/
′Sg(ω − εp+ , k − p+)/
+/Sg(ω
′ − εp+ , k ′ − p+)/′
]
vp+ .
(5)
We point out that, in this equation the usual slash no-
tation for products with γ matrices has been employed.
While up− and vp+ are two-dimensional spinors fulfilling
the relations up− u¯p− = (γ
0εp− − vFγ · p− + ∆)/(2∆),
vp+ v¯p+ = (γ
0εp+ − vFγ · p+ −∆)/(2∆), Sg refers to the
free propagator linked to the Dirac-like field:
Sg(ε,p) =
i
γ0ε− vFγ · p −∆ + i0+ . (6)
The rate of pair production per unit area is obtained
by taking the square of the S-matrix element, dividing
through the interaction time T0 and normalization area
A, and integrating over the final density of states:
R(2+1)1 = Nf
∫
Ad2p+
(2pi)2
∫
Ad2p−
(2pi)2
|〈p+p−|S1|k ′〉|2
T0A
. (7)
The field frequencies are assumed to be chosen such that
the integrals are restricted to regions where |p±|  pmax.
Equation (7) contains the term |M1|2 which can be
rewritten as a trace over 2×2-gamma matrices. We point
out that, due to their reduced dimensionality, several re-
lations – which are needed to evaluate the trace – differ
from the familiar QED3+1 case. For instance, while in
3 + 1-dimensions Tr[γµγν ] = 4gµν and Tr[γµγνγρ] = 0,
in the case under consideration one has Tr[γµγν ] = 2gµν
and Tr[γµγνγρ] = −2iµνρ. Having these properties in
mind and the fact that vF /c 1, we arrive at
R(2+1)1 ≈ η2gη′2g m3gv4F
r2(4 + r 2)
4(1 + r 2)5/2
, (8)
where r = |p|/(mgvF ) denotes a dimensionless parameter
and ω = ω′ is assumed, such that p ≡ p+ = −p− [38].
A particularly interesting outcome results from the am-
plitude describing the production of pairs driven by the
absorption of two classical photons and a quantized field
(see Feynman diagram in Fig. 1):
〈p+p−|S2|k ′〉 = −i(2pi)3N+N− e
3a20a ′0v3F
8c3
M2
× δ(εp++ εp−− 2ω − ω′)δ(2)(p++p−− 2k − k ′).
(9)
The explicit expression of M2 is lengthy, and, instead
of giving it explicitly, we proceed to determine the corre-
sponding production rate R(2+1)2 . Considering the small-
ness of the parameter vF /c  1 and assuming ω′ = 2ω,
we find
R(2+1)2 ≈ η4gη′2g m3gv4F
2(4− 30r 2 + 108r 4 + 17r 6)
81(1 + r 2)9/2
. (10)
Results and Discussion—Figure 2 a) shows the rates
R(2+1)n for Breit-Wheeler pair production in graphene
near the energy threshold for n ∈ {1, 2}. When n = 1,
the rate starts from zero, but for n = 2 it attains a non-
zero value at the threshold [R(2+1)2 ≈ 8η4gη′2g m3gv4F /81].
This is in sharp contrast to the rates R(3+1)n for the
corresponding processes in QED3+1 which always van-
ish at the threshold [39]. Thus, the special geometry
of graphene leads to distinct qualitative changes in the
properties of NLBW pair production.
The QED3+1 rates scale like R(3+1)n ∼ αη2n|p| for
|p| → 0, with η = |e|a0/(mec2)  1, when the γ-beam
is unpolarized [see Fig. 2 b)]. This is in accordance with
Wigner’s well-known theory for the threshold behavior of
quantum mechanical scattering processes with two par-
ticles in the final state [40]. It arises from an expres-
sion of the form
∫
d3p+
∫
d3p−|M|2 δ(4)(p+ + p− −Q) ∝∫
dp0+|p+||M|2 δ(p0++p0−−Q0) ∝ |p+| under the assump-
tion that the squared matrix element |M|2 behaves like
a constant near the threshold.
In the case of graphene, this argument needs to be
modified. Due to the reduced dimensionality of the phase
space, it reads
∫
d2p+
∫
d2p−|M|2 δ(3)(p+ + p− − Q) ∝∫
dp0+|M|2 δ(p0+ + p0− −Q0) ∝ const. This explains why
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FIG. 2: Near-threshold behavior of the total rates for
(N)LBW pair production in the center-of-mass frame, as func-
tion of the absolute value of momentum of one of the created
particles: (a) in graphene, (b) in QED3+1 with unpolarized
γ-photon, (c) in QED3+1 with polarized γ-photon, for n = 1
(blue solid), n = 2 (red dashed).
4the NLBW pair production rate at the threshold can
be non-zero in graphene, which occurs when n = 2 [see
Fig. 2 a)]. A similar phenomenon is known from electron-
atom scattering processes occuring in the presence of a
strong magnetic field. The field leads to a reduction of
the effective dimensionality of the problem and, thus, to
a modification of its threshold behavior [41].
Still, the behavior of R(2+1)n for n = 1 does not fol-
low the same law. Instead one finds R(2+1)1 ∼ |p|2
[see Eq. (8)]. Here, a more complex explanation is re-
quired which combines the two-dimensional geometry of
graphene with the polarization state of the ω′-photon
and the fermionic nature of the charge carriers. The pair
production rates in graphene rely on incident light waves
whose polarization vectors lie in the graphene plane and
are parallel to each other. The QED3+1 rates resulting
from this field configuration are shown in Fig. 2 c). While
R(3+1)n for n = 2 still grows linearly with |p| near the
threshold, a cubic dependence ∼ |p|3 is found for n = 1.
The fact that the produced particles are fermions is of
crucial importance here. In fact, for scalar particles the
rate of the ordinary Breit-Wheeler process is given by
R(3+1)1,scal ∼ αη2|p| ( · ′)2 [42], which yields a linear depen-
dence on |p| when the photon polarizations are parallel.
Instead, the leading-order term for production of Dirac
pairs is R(3+1)1 ∼ αη2|p| (×′)2 which vanishes in case of
parallel polarization vectors. The next-to-leading order
term grows with |p|3, in accordance with Fig. 2 c). Apply-
ing the above argument of reduced phase space to this
scaling law gives the threshold behavior R(2+1)1 ∼ |p|2
found in graphene.
An experimental test of our predictions could apply
moderately intense beams of terahertz radiation [11, 43].
If we assume, for example, a gap parameter ∆ = 0.1 eV
[23], frequencies ω′ = 2ω & 0.1 eV and intensities I0 =
10I ′0 = 10
5 W/cm2 (ηg ≈ 0.1, η′g ≈ 1.6 × 10−2), we ob-
tain at the threshold R(2+1)2 ≈ 1010 s−1µm−2. We re-
mark that, in order to be consistent with our pertur-
bative treatment, the fields should lie well below the
critical field in graphene Ec = ∆
2/|e|vF for the consid-
ered gap. This value corresponds to the critical intensity
Ic = cE
2
crit/2 ≈ 6 × 107 W/cm2. Detection of the pro-
duced pairs could be achieved by measuring the induced
current when an external voltage is applied [15].
Conclusion and Outlook—Generation of quasi-
particle–hole pairs in gapped graphene monolayers by
counterpropagating photon beams was studied. The
process is analogous to (N)LBW pair production in
QED. Focussing on the low-intensity regime at moderate
coupling strengths (ηg, η
′
g  1), we revealed striking
qualitative differences between both phenomena which
are caused by the different dimensionalities of the under-
lying vacuum state. While the pair production rate at
the energy threshold vanishes in QED3+1 for any photon
number, in graphene it not always does. This result has
been shown explicitly for a three-photon reaction and
we expect that it holds generally when the total number
of absorbed photons is odd. Corresponding even-odd
staggerings appear in various strong-field processes, such
as high-harmonic generation, where they are related to
the total parity of photons involved. This point will be
examined in a forthcoming study.
Future work could, moreover, account for further as-
pects in the structure of graphene (such as edge states [6])
and its interaction with the external field (such as influ-
ences of the substrate on the effective field strength ex-
perienced by the charge carriers [8]). However, since the
modified threshold behavior results from a basic prop-
erty of graphene, namely its two-dimensional geometry,
the predicted effects are expected to be robust and to
persist in improved treatments. Our results furthermore
suggest that the (N)LBW process in topological matter
with Dirac-like states might be used to identify domains
where quasiparticle-hole generation is restricted to two
dimensions (like, e.g., on surfaces).
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